Abstract-An equivalence of matrices via semi-tensor product (STP) is proposed. Using this equivalence, the quotient space is obtained. Parallel and sequential arrangements of the natural projection on different shapes of matrices leads to the product topology and quotient topology respectively. Then the Frobenious inner product of matrices is extended to equivalence classes, which produces a metric on the quotient space. This metric leads to a metric topology. A comparison for these three topologies is presented. Some topological properties are revealed.
; (vii) fuzzy control [4] , [8] ; (viii) some engineering applications [24] , [20] ; and many other topics [3] , [26] , [32] , [33] ; just to name a few.
A recent important development of STP is its application to game theory. Particularly, it has been shown as a powerful tool for modeling, analysis, and control design of finite evolutionary games [13] , [5] , [6] , [21] .
After near 20 years development of STP, now it is time for us to explore its mathematical insides. In this paper, we first reveal an interesting fact that the STP is essentially a product of two classis of matrices. Stimulated by this fact, we formally define an equivalence and then consider the quotient space of matrices under this equivalence. Particularly, we are interested in the topological structure of the quotient space. As the natural projection from matrices to their equivalence classes for different sizes of matrices is arranged in a parallel way or a sequential way, the product topology and quotient topology are obtained respectively.
Then the Frobenious inner product of matrices is modified to an inner product of equivalence classes. Using this inner product, a metric is obtained for quotient space. The matric topology is also obtained. These three topologies, namely, product topology, quotient topology, and metric topology, are compared, and their relationship is investigated. Finally, some topological properties of the quotient space is presented.
The rest of this paper is organized as follows: Section 2 reviews the equivalence relation of matrices. Using this equivalence, the quotient space is obtained in Section 3. Moreover, two natural topologies, namely, product topology and quotient topology, are also proposed. In Section 4, vector space structure and inner product are derived for quotient space, which make the quotient space an inner product space. In section 5 a norm and then a matric are deduced from the inner product. The metric topology is followed. Comparison among these three topologies has also been presented. Section 6 considers subspaces of the quotient space, orthogonal projection on subspaces is also discussed. Section 7 is a brief conclusion with a conjecture, which is left for further study.
II. EQUIVALENCE OF MATRICES
Observing the STP of matrices carefully, one sees easily that in fact it is a product of two classes: A = {A, A ⊗ I 2 , A ⊗ I 3 , · · · } with B = {B, B⊗I 2 , B⊗I 3 , · · · }. Motivated by this fact, we first define an equivalence on the set of all matrices
Definition 2.1: [7] Let A, B ∈ M. A and B are said to be equivalent, denoted by A ∼ B, if there exist identity matrices I α and I β such that
The equivalence class of A is denoted by
It is necessary to verify the relation defined by (2) is an equivalence relation, i.e., it is reflexive, symmetric, and transitive [16] . The verification is straightforward.
Proposition 2.2: [7] If A ∼ B, then there exists a Λ such that
If there exists an identity matrix I k such that A ⊗ I k = B, then A is said to be a divisor of B, and B is a multiple of A.
If α ∧ β = 1, that is, α and β are co-prime, then the Θ in (2) is called the least common multiple of A and B, and the Λ in (4) is called the greatest common divisor. A is said to be irreducible, if the only divisor of A is itself. Consider an equivalence class A . Then it is easy to verify that
where A i = A 1 ⊗ I i , i = 1, 2, 3 · · · ., and A 1 is irreducible, called the root element of A .
Define a class of matrices as
Then we have the following partition:
where Q + is the set of positive rational numbers. Furthermore, set µ = µ y /µ x and assume the µ y ∧ µ x = 1, where ∧ stands for greatest common devisor. Define
Then we can further decompose M as
We refer to [16] for related topological concepts and notations used hereafter.
Definition 2.3:
The topology T M on M is defined as follows:
• Each component M k µ , µ ∈ Q + and k ∈ N, is a clopen set.
• Within a component M k µ , the natural Euclidean topology of R k 2 µyµx is adopted.
Remark 2.4:
1) The topological space (M, T M ) is a very classical and natural topology, which is commonly used. 2) If A ∈ M µ and B ∈ M σ and µ = σ, then A ∼ B.
Hence, there is no equivalence relation between elements in different M µ components.
III. QUOTIENT SPACE AND ITS TOPOLOGIES
Using the equivalence relation defined in previous section, we can defined quotient space as follows:
Similarly, we can also define the component quotient space as follows:
The main purpose of this paper is to build a topology on the quotient space Σ. We have
Since there is no equivalence relation cross different components of Σ µ 's, it is natural to assume each component Σ µ being clopen. Then we have only to building topology on each components. Define a naturel projection P r : M → Σ as
When restrict P r on each components, we have P r : M µ → Σ µ . As aforementioned, we will be focused on building a topology on each Σ µ .
A. Product Topology
Consider M µ as a product space:
Then the natural mapping P r : M µ → Σ µ can be split into parallel mappings on each component as
This mapping is described in Fig.1 . Definition 3.1: [16] Let (X λ , T λ ), λ ∈ Λ be a set of topological spaces. The product set
with product topology, is called a product topological space, where the product topology is generated by
as the topological subbase Now consider Σ µ . Its product topology is generated as follows:
• Step 1: Topological Subbase S:
where and hereafter, we use the notation
• Step 2: Topological Base B:
(That is, B is the set of finite intersections of elements in S.)
• Step 3: Product Topology on Σ µ , denoted by T P :
(That is, T P is the set of arbitrary union of elements in B.) 
B. Quotient Topology
Definition 3.4: [16] Let (X, T X ) and (Y, T Y ) be two topological spaces, and P r : X → Y . Assume 1) P r is a surjective (i.e., onto) mapping; 2) O ∈ T Y , if and only if, P r
Then Y is called a quotient space with quotient topology T Y . Now consider P r : M µ → Σ µ . It is obvious that P r is surjective. To get the quotient topology we construct a sequential projection, which is described in Fig.2 . 
Corollary 3.6:
. By definition O ∈ T P . But for s > k, one sees easily that 
IV. METRIC AND METRIC TOPOLOGY
Recall that the Frobenius inner product is defined as [15] (A| B)
Correspondingly, the Frobenius norm is defined as
The following lemma comes from a straightforward computation.
Lemma 4.1: Let A, B ∈ M m×n . Then
Taking Lemma 4.1 into consideration, we propose the following definition, which is independent of the size of matrices. 
where t = lcm(α, β) is the least common multiple of α and β.
Then the norm of A ∈ M µ is defined naturally as:
Using Lemma 4.1 and Definition 4.2, we have the following property. 
The following proposition shows that (18) is well defined. Proof 4.6: . Assume A 1 ∈ A and B 1 ∈ B are irreducible. Then it is enough to prove that Denote by t = α ∨ β, s = αξ ∨ βη, and s = tℓ. Using (16), we have
Definition 4.7: [22] A real or complex vector space X is an inner-product space, if there is a mapping X ×X → R (or C), denoted by (x| y), satisfying
where the bar stands for complex conjugate.
3)
(ax | y) = a(x | y), a ∈ R (or C).
4)
To pose a vector space structure on Σ µ , we first define the addition and scalar product on it.
Definition 4.8: [7] Let A ∈ M p µ and B ∈ M q µ . Then 1) Addition:
where t = p ∨ q. 2) Subtraction:
Definition 4.9: [7] Let A , B ∈ Σ µ . Then 1) Addition:
2) Subtraction:
3) Scalar product:
Proposition 4.10: [7] 1) (22)- (24) are properly defined. That is, they are independent of the choice of representatives. 2) Σ µ with addition (subtraction) and scalar product, defined in Definition 4.9, is a vector space.
Furthermore, it is easy to verify the following result.
Theorem 4.11:
The vector space (Σ µ , ± ) with the inner product defined by (18) is an inner product space. Then the norm of A ∈ Σ µ is defined naturally as:
The following is some standard results for inner product space.
Theorem 4.12: Assume A , B ∈ Σ µ . Then we have the following 1) (Schwarz Inequality)
2) (Triangular Inequality)
3) (Parallelogram Law)
Note that the above properties show that Σ µ is a normed space. Unfortunately, it is not difficult to show that Σ µ is not a Hilbert space.
V. MATRIC AND MATRIC TOPOLOGY
Using the norm defined in previous section, it is ready to verify that Σ µ is a metric space. We state it as a theorem.
Theorem 5.1: Σ µ with distance
is a metric space. Theorem 5.2: Consider Σ µ . The metric topology determined by the distance d is denoted by T d . Then
Proof 5.3: . First, we prove the first half inclusion. Assume V ∈ T d , then for each p ∈ V there exists an ǫ > 0, such
That is, P r
Next, we prove the second half inclusion. Assume V ∈ T Q , then for each p ∈ V we can find
By definition of T P we have p ∈ V s ∈ T P , which means V ∈ T P . Next, we consider the upper-bounded subspace
Then we have the following result:
Proof 5.5: . Define
Note that where
By definition of T P it is clear that
Next, we claim that
Assume O ∈ T (M k µ ), and p ∈ O. Then there exists an ǫ > 0 such that
Then it is clear that
which is also open in M s µ . By definition of quotient space,
It follows immediately that
which contradicts to the definition of quotient space. Hence,
(34) is proved. 6 Similarly, we can also prove
(33)-(35) lead to (31) .
The following is a conjecture:
Definition 5.6: [10] 1) A topological space is regular (or T 3 ) if for each closed set X and x ∈ X there exist open neighborhoods U x of x and U X of X, such that U x ∩ U X = ∅.
2) A topological space is normal (or T 4 ) if for each pair of closed sets X and Y with
Note that (Σ µ , T d ) is a metric space. A metric space is T 4 . Moreover,
Using Theorem 5.2, we have the following result.
Corollary 5.7:
• The topological space (Σ µ , T ) is a Hausdorff space, where T can be any one of T Q , T P , or T d .
• The topological space (Σ µ , T ) is both regular and normal, where T can be either
Finally, we show some properties of Σ µ .
Proposition 5.8: Σ µ is convex. Hence it is arcwise connected.
Proof 5.9: . Assume A , B ∈ Σ µ . Then it is clear that
So Σ µ is convex. Let λ go from 1 to 0, we have a path connecting A and B .
Proposition 5.10: Σ µ and Σ 1/µ are isometric spaces.
Proof 5.11:
. Consider an isomorphic mapping ϕ : Σ µ → Σ 1/µ , defined by transpose:
Then it is obvious that
Hence the transpose is an isometry. Moreover, ϕ is periodic. That is, is a finite dimensional vector space and any finite dimensional inner product space is a Hilbert space [9] , the conclusion follows.
Proposition 6.3: [9] Let E be an inner product space, {0} = F ⊂ E be a Hilbert subspace. 1) For each x ∈ E there exists a unique y := P F (x) ∈ F , called the projection of x on F , such that
2)
is the subspace orthogonal to F . 3)
where ⊕ stands for orthogonal sum.
Using above proposition, we consider the projection:
Then the norm of A ⊢ X is:
Set p = µ y q = µ x , and k := t/α. We split A as
where
Then The projection P F : Σ µ → Σ α µ is defined by
It is easy to verify the following result: Proposition 6.4:
is defined by (41) and C = (c i,j ) is defined by (42). Then
where tr(A) is the trace of A.
2) The following orthogonality holds:
We give an example to depict the projection. 
Then we have
where It is easy to verify that E and A are mutually orthogonal. We also have Σ Finally, we would like to point out that since Σ µ is an infinity dimensional vector space, it is possible that Σ µ is isometric to its proper subspace. For instance, consider the following example. 
VII. CONCLUSION
It has been revealed that the STP is essentially a product of two equivalence classes. Motivated by this, the equivalence relation has been discussed carefully. Based on this equivalence, the quotient space is constructed. Then the topological structure has been investigated in detail. Three different topologies have been built. First two topologies are (i) product topology T P , and (ii) quotient topology T Q , which are natural. Then a vector space structure and an inner product have been proposed for the quotient space. Using this inner product, norm and distance/metric are also defined. Then the metric topology T d is obtained. Basic properties of all three topologies have been discussed. Finally, a comparison among three topologies is presented.
A conjecture is: T Q = T d , which left for further study.
